Lecture 10- Schauder || Calderon-Zygmund

o Statement
o Examples and counterexamples

C* Schauder 1930s

LP Calderon-Zygmund 1950s
Interior Au = f (z)

+ Positive

feC*(B) = DMueC(Bi)
fe LP(By) = D*uel? (Bl/g)

1<p<oo

f€ BMO = D?>ue BMO
fe H' = D e H

- Negative
felC® % D*f e
feLY>® % D*f e [V

Boundary { Au=0 1, >0
+ Positive

geC’C* = ueC’
geCh = ye(COt™
gecC?* = yug(C?

ge LN IP L = ue L [P L™

ge wtr = ueWh
1<p<oo

g e W2p = ue W
1<p<oo

Switch p to BMO or H' OK.

- Negative

geCl = uwelt
geC? » ueC?

ge WL Whe % ue Whi whe
g € WL W2 = o c W2 W2

Examples/Counterexamples

Interior
Eg 0.
w=nh(z)(Inr)"* with h(z) = Im z*
| D*u (0)] = oo
_ k—2__ 1 0 (vk—2
Au =0 <7" W) eC ,C .
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More expensive ones.

Cn

v =Tef)= [ T Sy forfe G,

Injz—y| n=2
[z -yl n=1

Exercise: Try at least for f € C§° (R"™), see [Gilbarg-Trudinger, p. 55 Lem4.2].

Dyu(x) = / Ly (e— y) f () dy,

Dyu(x) = lim Ly (x— ) [f (v) — f (2)] dy
=% ) Br(x)\Be(x)
= lim Ly ) [f (# —y) = f(2)]dy = lim Lij () f (= y) dy
1% ) BR\B: 1% ) Br\B:
/ Co Y (f(x—y)— f@)dy# | Colf(a—y)dy,
n |yl R |yl
Dy (z) = Jim Lo~ o) [f (0) — £ )] dy + f (2)
i2%0 JBR(2)\B.(x) n
=dm [ P —y) f@dy o ()
E:C())O BR\BS n

RJ%%f%%ﬂﬂf@—y%:ﬂwkw+%f@0#IWDM%—Mf@ﬁw

Eg 1. f(x) = xq € L™ (R?), where Q = {z175 > 0} N By.
figure

//?h?h
U12
lyl*
5811126 1
N// o—rdrdd ~ [ —dr =00
r r

RMK. One can smooth out f to get smooth counterexamples for W2 estimates.
Eg2. f(x)= WXBW € C°. figure?

u12 // Y1Y2 iy
Bmlmwmwwﬂ
/T\lnr|1/2




Eg3. f(z)=2¢ (%) e L' o =¢(|z]) € C5°, ¢ >0, and [ ¢ = 1. Say still on
R2

u=Txf=T(x) for x| >e¢

Disu = CQTI% for |x| > ¢
T1T2 1
Cllfl # 1l iy 2 [ T [~ el - oo
B\B. |7| B\B. |7

But ||f], = 1.

Boundary situation.
Eg 0. u, =¢ € L™, but u, ¢ L™

u=Imzlogz =20+ ylnr

0 x>0
u(x,O)—:L'H—{mc x <0

Uy (2,0) =60 € L™
u, = 0y (0 +ylnr) little tedious, instead
u, = 0y Im zlog z = Im 9, (2 log 2)

= ml(é—@) (zlogz) =Imid (zlogz) here {
i

=Red(zlogz) = Re(logz+1)
=Inr+1¢L>™.

u, =g € C° but u, ¢ L™

6
= Tm z (log 2)"* = 7 (In2r + 62)*si 0
u = Im z (log z) r (In®r 4+ 6%) """ sin 31n7“+

0 >0
= . 0 !
(x,0) { 2] (ln2 2] +7T2)1/3 sin (317r| | +7r> 2 <0 } € C”, of course near 0!
1
u, = Red <z log% z) Re [log3 z+ 3 (log z)~ 2/3}
0 1 —2/3 —20
— (92 1/3 - 92 )
( r ) o 31117’ 3(11 r ) €0 3lnr
%Z‘X’ o

Eg 07 uy, (2,0) = g” € L™, but u,, ¢ L*.

u=1Imz*(logz) =2zylnr + (z* — y*) §

0 x>0
u(:z:,()):{ w2 a:_<0}601,1



Ugy (2,0) € L™
1, -
Uzy = Opy Im 2° (log z) = Im = (0% — %) 2° (log 2)
i

=Red” [2*(logz)] =Re(logz+1) =lnr+1¢ L>
Uyy = —20 € L™,

More expensive ones.
Poisson formula

Tn r
u(z) _C"/Rnl WQ@ §)d¢§

In

Dy (z) =u(r) =cp /Rn1 WD:C'Q (z' = &) d¢

T

Dypu(z) =u(z) =cy /Rnl WDME,Q (2" — &) d¢

D, u (z) direct computation messy. Instead & = z,&

u(x) = cp /Rn_l Wg (.73/ — xng) d
oo P

é /
=, — . Dyg(a'—&)d
‘ /ml (’5\2+x%)n/2 oo

Dyrgu(x) = cn/ ¢ - Dyrprg (2 =€) d€

w (jef +a2)"

I

Now harmonic function in R"

19 . Tn o x’
o =cy . - NP |x’|nd$ =P, * _|m’|n

Exercise: Observe the integral make sense, because P,, € L*(R"!)N P, €
L% (R"~1) matching the singur kernel % on R"~1. Justify *.
Step 1.

§ =c / Tn 2! dx’
(1€ + (2 +)2)""? Rt ([€ = 2?4 22)"? (2 4 e2)"

4



Step 2.

i / T, ' de' = 1 / Ln i dx’
im ¢ To= e o
20 fpns (g~ P 1 a2) WIEET 0 pnn (6 o 4 a2) P T

See [Stein-Weiss, p. 236 Th’'m 4.17, p. 218 Th’'m Lem1.2, p. 13 Th’'m1.25].
/

-
Uy, = Py, % — % Dyg

2|

!/

—X
Ug!z,, = Pxn * W * Dx’x’g
singular kernel

nice kernel

/ .
I;W on R™ 1 satisfies

- homogeneous degree n — 1
: f(‘)Bl ﬁ =0.
This implies P, * ﬁ* preserves C* 0 < a < 1 and L” 1 < p < oo norm.
It does not preserve C°, C', L', L* norm.
~egl’ ¢ € L™, but u, & L® -egl” ¢" € L™, but u,, ¢ L™
~eg2 ¢ € C% but u, ¢ L™ -eg2” g" € C°, but u,, ¢ L™
~egd’ g’ € L', but u, ¢ L' -egd” g € L', but uy, ¢ L*
Au =0 fory >0
Egl’
& { u(z,0) =g (x) = [z[ € W=

wwn)=C [l oala-o

uy(:v,y)zc‘z/R1 ¢ g (x—¢&)d§

52 +y2
Now 1
w(0.0)=Co [ g (€ dE= o0,

r €

In fact
U= — <x9+ylnr - E$> , seeeg(.
T 2
Eg 2 ¢ = m € (O yes near 0, or say C% ¢ = W’ or ﬁ + e not from

holomorphic functions, but w, (0,0) = co.
Eg 3’ ¢ = 1+ € L', yes near 0, but u, (x,0) ¢ L.

T In|z|

Replace ¢’ by ¢”, and u, by u,,, we get egl”2"3”.
RMK. Freezing coefficients, general version for
Cce:
ai; €C* b €C* ceC® feC* = D*ue(C"
Lr .
aij € C° (or VMO), b; € C°(or L, L9), c€ C°(or L™, LY), f € [’ = D*u € LP.



